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We show that the generalized McVittie spacetime, which represents a black hole with time-
dependent mass in an expanding universe, is an exact solution of a subclass of the Horndeski family
of actions. The heat-flow term responsible for the energy transfer between the black hole and
the cosmological background is generated by the higher-order kinetic gravity braiding term, which
generalizes the cuscuton action that yields McVittie with constant mass as a solution. Finally,
we show that this generalization can be understood in terms of a duality realized by a disformal
transformation, connecting the cuscuton field theory to an extension of the Horndeski action which
does not propagate any scalar degrees of freedom. Our finding opens a novel window into studies
of non-trivial interactions between dark energy/modified gravity theories and astrophysical black
holes.
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I. INTRODUCTION
Until recently, the question of whether cosmic evo-
lution affects local gravitationally bound systems was
seldom addressed from the point of view of exact solu-
tions of general relativity. However, a renewed interest
in such non-vacuum (and in particular black-hole) solu-
tions has recently been raised, fueled by numerous excit-
ing developments in cosmology and astrophysics, such as
non-trivial interactions of scalar fields with astrophysi-
cal black holes [1, 2], effects of modified gravity on stel-
lar evolution [3], constraints from Planck satellite obser-
vations on different scalar-field inflationary models for
structure formation and subsequent cosmological evolu-
tion [4] and, from a formal point of view, loopholes in the
no-hair theorem [5] which can be exploited by these the-
ories. Recently, subsets of the Horndeski action [6] have
been considered as candidates for black hole hair, and
exact stationary solutions were found for some special
cases [7], as well as non-stationary perturbed solutions
[8]. Most interestingly, it has been proposed that dark
energy might be the quantum hair of astrophysical black
holes, which could potentially solve the cosmic coinci-
dence (i.e. “why now?”) problem [9, 10]. Nevertheless,
the details of the influence that cosmic expansion has on
the local causal structure of black holes have remained
an elusive subject, but for few notable exceptions (e.g.
[11]).
Among solutions of general relativity that describe
black holes evolving in time, the McVittie solution [12]
is certainly one of the most ubiquitous, appearing on a
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wide range of problems stemming from perfect-fluid cos-
mology to scalar-field actions and modified theories of
gravity [13]. It is the unique perfect-fluid solution of
Einstein’s equations to display a central singularity in a
spherically symmetric shear-free metric that is asymp-
totically FLRW for large distances [14]. Moreover, it
has been shown that, when treated as a perturbation of
an asymptotically Schwarzschild-de Sitter metric, strong
evidence exists pointing towards its stability [15]. The
McVittie metric is also the oldest member of the phys-
ically interesting Kustaanheimo-Qvist class of solutions
[16], and in the decades following its original derivation,
its apparent simplicity and non-trivial causal structure
have spawned much discussion in the literature [17, 18].
In fact, an almost 80-year-long debate has continued until
very recently when the conditions under which this space-
time actually describes a black hole were finally settled
[19, 20], as well as how particle motion and the structure
of the event horizon ultimately depend on the cosmo-
logical history [21, 22]. Moreover, going past the classi-
cal analysis of GR solutions, and entering the realm of
field theory, it was recently found [23] that the McVit-
tie metric is an exact solution for an extreme limit of k-
essence, known as the cuscuton theory [24], which in turn
is the unique k-essence able to support the McVittie solu-
tion. In light of this result and the analogue descriptions
that the cuscuton field admits [25], a natural consequence
is that the presence of constant-mean-curvature (CMC)
surfaces on the constant-time foliation also makes McVit-
tie a solution of Hořava-Lifshitz gravity with anisotropic
Weyl symmetry, and it can also be considered as a non-
trivial example of an exact solution in Shape Dynamics
[26].
In this work we aim at going further in the description
of these dynamic black holes by introducing time evolu-
tion of the central mass as a result of interaction with
the scalar field source. A seminal step in this direction
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2was taken when a generalized version of the McVittie
metric was introduced with an arbitrary time-dependent
mass [27], which generalized the Sultana-Dyer black hole
[28] (in its turn obtained via a conformal transforma-
tion of the Schwarzschild metric), and was later applied
to the problem of dark-energy accretion [29]. The spe-
cific form of the mass function could then in principle be
obtained from the field equations, or from some hydro-
dynamic model for the source, which no longer could be
taken to be a single perfect fluid [30] or a superposition of
multiple perfect fluids [31], so a more general approach
was needed. The needed step forward arrived when it
was found that in the fluid interpretation the accretion
(or evaporation) rate could be explained by the intro-
duction of a heat-flow term associated to the presence of
a temperature gradient via a Landau-Eckart model [32],
as other viscous terms vanish due to the high degree of
symmetry of the metric.
In light of these results, the natural question which
arises is whether the generalized McVittie metric [32]
can be derived from an action principle. An affirma-
tive answer means that it is more than simply a naive
generalization of the original McVittie solution, rather
that there is a way to describe the interaction between a
black hole and a cosmological background in more funda-
mental terms, and, more importantly, that by studying
such a simple analytic solution we can gain insight into
basic aspects of black holes with scalar hair, which are
quickly becoming common-place results of many modern
theories.
The answer to this question is indeed affirmative. By
considering the Horndeski action, the most general self-
gravitating scalar field action that gives second-order
equations of motion [6], we demonstrate that the gen-
eralized McVittie metric can be obtained as an exact so-
lution. We use the symmetries of the metric to constrain
the coefficients of the full Horndeski action, and cast the
equations of motion in terms of these general functions.
Interestingly, the relation between the free functions that
define a particular generalized McVittie solution, namely
the mass and the cosmological scale factor, and the field
contains a certain amount of indeterminacy. This is not
surprising, since the same behavior was observed when
considering solutions with a cuscuton source, suggesting
that this particular form of the Horndeski action is a gen-
eralization of the non-dynamic “parasitic” nature [24] of
its k-essence counterpart.
The paper is organized as follows: in Sec. II we review
the basic aspects of the Horndeski scalar field and its
analogous fluid description; in Sec. III we show that the
generalized McVittie metric can be obtained as an exact
solution to a particular case of the theory (namely, the
kinetic gravity braiding sector), and we present a par-
ticular complete solution to the system of equations; in
Sec. IV we discuss the dynamical properties of the field
in parallel with the cuscuton theory. We present our con-
clusions in Sec. V. Throughout the paper, Greek indices
run from 0 to 3, Latin indices run from 1 to 3 and we use
the (−,+,+,+) signature. Time derivatives are denoted
with an overhead dot.
II. HIGHER-ORDER ACTIONS
The Horndeski scalar action [6, 33] can be cast in the
following form:
S =
∫
d4x
√−g
(
1
2
R+
5∑
n=2
L(n)
)
, (1)
where
L(2) =G(2)(X,ϕ) , (2)
L(3) =G(3)(X,ϕ)ϕ , (3)
L(4) =G(4),X (X,ϕ)
[
(ϕ)2 −∇α∇βϕ∇α∇βϕ
]
+RG(4)(X,ϕ) ,
(4)
L(5) =G(5),X (X,ϕ)
[
(ϕ)3 − 3ϕ∇α∇βϕ∇α∇βϕ
+ 2∇α∇βϕ∇α∇ρϕ∇ρ∇βϕ
]
− 6Gµν∇µ∇νϕG(5)(X,ϕ) ,
(5)
and where
X ≡ −1
2
gαβ∇αϕ∇βϕ , (6)
is the canonical kinetic term, R is the Ricci scalar, Gµν is
the Einstein tensor and ϕ = gαβ∇α∇βϕ. The G(n) are
arbitrary functions of the field and kinetic term. We de-
note by ∇α the covariant derivative compatible with the
metric gµν , and we also use the notation G
(n)
,X = ∂XG
(n)
and G(n),ϕ = ∂ϕG(n). It is the most general single scalar
field action one can write containing higher derivatives
of the field and still yielding second-order equations of
motion1. Some interesting discussions have appeared re-
cently in the literature regarding a possible loophole in
this claim, in which more general terms could in prin-
ciple be considered [35], and also the subcases in which
the action (1), taken as a generalization of scalar-tensor
theories, can be cast in the Einstein frame [36].
If we vary the action (1) with respect to the metric,
the corresponding energy-momentum tensor can be in-
terpreted in terms of projections onto the comoving flow.
In that interpretation, the contribution from the term
L(2) always takes the form of a perfect fluid, the term
L(3) modifies the perfect-fluid components from the pre-
vious term and also gives rise to a component associated
1 This class of theories can be expanded by allowing for higher-
order equations of motion which, through gauge transformations,
lead to propagating degrees of freedom that follow second-order
dynamics [34].
3with heat flow, and the terms L(4) and L(5) will also give
rise to more complicated dissipative terms.
Since we are interested in shear-free solutions, we con-
sider for simplicity a subcase of action (1), in which we
only include the first additional term L(3) to the k-essence
action L(2), producing an action known in the literature
as kinetic gravity braiding [37–39]. It can be shown that
this is the most general term whose resulting energy-
momentum tensor has vanishing anisotropic stress in the
comoving frame for generic forms of the function coeffi-
cients. We therefore reduce the purely scalar sector of
the general action (1) to
Sϕ =
∫
d4x
√−g
[
L(2) + L(3)
]
. (7)
When the field is minimally coupled to gravity the full
action we consider is
S =
∫
d4x
√−g
[
1
2
R+G(2)(X,ϕ) +G(3)(X,ϕ)ϕ
]
.
(8)
The energy-momentum tensor which results from vary-
ing the scalar sector of the action (8) with respect to the
metric is
Tµν = − 2√−g
δSϕ
δgµν
=
(
G(2) −∇αG(3)∇αϕ
)
gµν + 2∇(µG(3)∇ν)ϕ
+
(
G
(2)
,X +ϕG
(3)
,X
)
∇µϕ∇νϕ .
(9)
The fluid analogy is then carried out by defining the
equivalent fluid flow uµ(ϕ) as
uµ(ϕ) ≡
∇µϕ√
2X
, (10)
where the denominator is chosen to normalize the four-
velocity, so uµuµ = −1. We also define the orthogonal
projector with respect to the flow as
γµν ≡ gµν + uµuν
= gµν +
∇µϕ∇νϕ
2X
.
(11)
The decomposition of the energy-momentum tensor (9)
in quantities relative to the flow defined by (10), may be
interpreted as the functional definition of the equivalent
fluid quantities [38]
ρ ≡ −
(
G(2) −∇αG(3)∇αϕ
)
+ 2X
(
G
(2)
,X +ϕG
(3)
,X
)
− 2∇αG(3)∇αϕ ,
(12)
p ≡G(2) −∇αG(3)∇αϕ , (13)
qµ ≡
√
2X
(
∇µG(3) + 1
2X
∇αG(3)∇αϕ∇µϕ
)
=
√
2Xγµα∇αG(3) ,
(14)
where ρ can be seen as the energy density, p as the pres-
sure and qµ as the heat flow vector.
III. MCVITTIE METRIC WITH
TIME-DEPENDENT MASS
The McVittie metric [12]
ds2 = −
(
1− m2ar
1 + m2ar
)2
dt2
+ a2
(
1 +
m
2ar
)4 (
dr2 + r2dΩ22
)
,
(15)
where m is a constant and a = a(t) is a classical perfect-
fluid solution to Einstein’s equations and has been re-
cently shown to be also an exact solution of a system
with a self-gravitating scalar field with a modified kinetic
term (quadratic cuscuton) [23].
The generalized McVittie metric [27] with m = m(t) is
known to be an exact solution for a comoving shear-free
imperfect fluid with heat flow [32]. In generalized McVit-
tie, the kinetic term, the velocity and the expansion read
X =− 1
2
(
2a(t)r +m(t)
2a(t)r −m(t)
)2
ϕ˙2 (16a)
uµ =
2ar +m
2ar −mδ
µ
0 (16b)
Θ ≡∇αuα
=3
(
a˙
a
+
2m˙
2ar −m
)
,
(16c)
corresponding to a future-oriented flow, that in turn us-
ing (10) requires the choice ϕ˙(t) < 0 in the case an homo-
geneous field is considered, as we will see in the following
sections. The Penrose diagrams for particular cases of
the McVittie metric (15) and its generalization can be
seen in Fig. 1.
A. Einstein equations
We now consider the source of the gravitational field
to be the scalar described by the action (7). The prop-
erty of spatial Ricci-isotropy of the generalized McVittie
solution [30] means that the pressure of the source is
isotropic, that is, T rr = T θθ . By examining equation
(9), it can be seen that for non-trivial functions G(2) and
G(3) the isotropy condition is only satisfied if the field
is homogeneous. We focus therefore on a homogeneous
field configuration ϕ(t), which by Eq. (10) corresponds to
a comoving equivalent fluid. The (t, r), (t, t), and (r, r)
Einstein equations then respectively read
− m˙
mϕ˙
=XG
(3)
,X , (17a)
−1
3
Θ2 =G(2) − 2X
[
G(3),ϕ +G
(2)
,X +
√
2XG
(3)
,XΘ
]
,
(17b)
4i+
b +i0
ℐ+
r = 0
r -
(t
 →∞
)
r = 2m
r+
r-φ = const.
(a) McVittie metric (15) with constant mass
i+
b +i0
ℐ+
r = 0
r -
(t
 →∞
)
r = 2m
r+
r-φ = const.
(b) Generalized McVittie with increasing mass. The mass
function is of the form m(t) = m0
[
1
2
+ tanh (t− t0)
]
.
Figure 1: Examples of the causal structure of the
McVittie and generalized McVittie metrics, depicting
the apparent horizons and surfaces of constant time. A
Schwarzschild-de Sitter extension is patched at the left
of each diagram. In both examples, the expansion is
given by Eq. (31). Note that, in this class of metrics,
the null infinity I + is space-like.
−1
3
(
Θ2 + 2Θ˙
2ar +m
2ar −m
)
=G(2) + 2X
{
G(3),ϕ +G
(3)
,X
[
ϕ¨
(
2ar +m
2ar −m
)2
+4r
√
2X
ma˙− m˙a
(2ar −m)2
]}
,
(17c)
where Θ and X are given by Eqs. (16a) and (16b) respec-
tively.
The equations above select one or more sets of func-
tions {a(t),m(t)} as solutions to the system described by
the action (8). It has to be noted, though, that by not
assigning a fixed functional form for the functions G(2)
and G(3) we are actually looking at a family of possi-
ble actions, with a plethora of possible solutions. First,
given that the only r-dependence in Eq. (17a) is in X, we
can “integrate” Eq. (17a) along constant time [and thus
constant ϕ(t) and ϕ˙(t)] hypersurfaces to get2
G(3)(X,ϕ) = g0(ϕ) lnX + g1(ϕ) . (18)
By doing this, we are effectively trading the (t, r) Einstein
equation (17a) for a first order differential equation for
ϕ, namely,
g0(ϕ) = −M
ϕ˙
, (19)
[where we have defined the function M(t) ≡ m˙/m] reduc-
ing the freedom in the choice of G(3) to the freedom in
the choice of g0(ϕ) and g1(ϕ).
Inserting this ansatz in the (t, t) equation (17b) we find
−1
3
Θ2 =G(2) − 2X
(
G
(2)
,X + g
′
1
)
+ 2
√
2X
M
ϕ˙
Θ
+ 2X lnX
(
M˙
ϕ˙2
− Mϕ¨
ϕ˙3
)
,
(20)
where the prime denotes a derivative with respect to the
field ϕ. In a similar way, “integrating” along constant
time hypersurfaces equation (17b) after using Eq. (17a)
in it, we obtain a functional form for G(2) that reads
G(2) = f1(ϕ) + f2(ϕ)
√
X
+ 2X
[
(2− lnX)g′0 − g′1 − 3g20
]
,
(21)
where f1 has to satisfy
f1(ϕ) = −3 (H −M)2 , (22)
and f2 can be obtained by use of equation (17c) when
the form for G(2) above is used. This gives
f2(ϕ) =
2
√
2
ϕ˙
[
H˙ − M˙ + 3M (H −M)
]
. (23)
B. Field equations
In the previous section we have shown that, via a suit-
able choice of functions G(3) and G(2) appearing in the
Lagrangian, we can reduce the quite complex system of
Einstein equations for the generalized McVittie metric to
a set of first order differential equations for the sourcing
homogeneous field ϕ(t). We are going to see now that
the choice we made for the form of the Lagrangian auto-
matically satisfies the field equation for ϕ(t).
The field equation from action (7) reads
0 =G(2),ϕ +G
(3)
,ϕ ϕ
+∇α
[(
G
(2)
,X +G
(3)
,Xϕ
)
∇αϕ+∇αG(3)
]
.
(24)
2 Eq. (18) also corresponds to a constant heat conductivity in the
fluid interpretation of the KGB action [38].
5By inserting the functional forms for G(3) from Eq. (18)
and G(2) from (21) with coefficients given by (19), (22)
and (23), it is easy to show that Eq. (24) is identically
satisfied.
We notice at this point that the function g1(ϕ) plays
no role in any of the equations we used, it is com-
pletely arbitrary and can be dropped from our analysis
in the following. We can therefore claim that any triplet
{ϕ(t),m(t), a(t)} will be a solution describing the system
given by an action of the form
S =
∫
d4x
√−g
{
f1(ϕ) + f2(ϕ)
√
X
+ 2X
[
(2− lnX)g′0(ϕ)− 3g0(ϕ)2
]
+ [g0(ϕ) lnX]ϕ+
1
2
R
}
,
(25)
when three functions g0, f1, f2 of the field ϕ can be found
that satisfy Eqs. (19), (22) and (23).
C. An example
We want now to show an explicit example of solutions
to the equations we have seen in the previous sections.
The aim of course is to find not just any solution; rather,
it is to find a choice of m(t) and a(t) for which the gen-
eralized McVittie metric describes a black hole [32] as it
is discussed in Appendix A.
Possibly the easiest way to approach the problem is to
require the three functions g0, f1 and f2 to be constants.
This requires H and M differing by a constant, and ϕ˙
being proportional to M . Let us then assume
ϕ˙(t) = −M(t) , (26)
M(t) = H(t)−H0 , (27)
which immediately implies
g0 = 1 , (28)
f1 = −3H20 , (29)
f2 = 6
√
2H0 . (30)
This class of solutions contains for instance a ΛCDM–like
expansion with a decreasing accretion rate given by
H(t) = H0 coth(H0t) , (31)
m(t) = m0 e
−H0t sinh(H0t) , (32)
ϕ(t) = ϕ0 +H0t− ln [sinh(H0t)] . (33)
Abandoning the simplification of constant g0, f1 and
f2 is also simple, by still maintaining M(t) = H(t)−H0
and the ΛCDM–like expansion above, it is in fact easy to
build exponential solutions for ϕ and a triplet of functions
that satisfy our system.
IV. FIELD DYNAMICS AND CUSCUTON
DUALITY
A natural question which arises from the previous anal-
ysis is whether this particular case of Horndeski action
represents a truly dynamical field, or it can be seen as
a higher-order analogue to the cuscuton field, which is
known to have the constant-mass McVittie metric as an
exact solution [23].
The first thing that can be noted is that Eqs. (24) for
the field ϕ do not lose the second-order time derivatives
in the homogeneous limit, which is the interesting limit
considered here. In fact, it can be shown [37] that the
Lagrangian we are considering here (7) produces a field
equation that can in general be cast in the form
Lµν∇µ∇νϕ+ (∇α∇βϕ)Qαβµν (∇µ∇νϕ)
+ Eϕ −G(3),XRµν∇µϕ∇νϕ = 0 . (34)
In the homogeneous limit ϕ → ϕ(t), the object contain-
ing quadratic terms in second derivatives, Qαβµν , van-
ishes, leaving only linear terms in ϕ¨ characterized by Lµν .
In particular, the linear term becomes proportional to
G
(2)
,X − 2G(3),ϕ − 2XG(3),ϕX + 2XG(2),XX . (35)
It follows then that Lagrangians satisfying
XG(3),ϕ + f(ϕ) = 2XG
(2)
,X −G(2) , (36)
for any choice of the function f(ϕ), lose the second-order
time derivatives in the homogeneous field limit, in a much
similar way as in the cuscuton system.
We can notice at this point that the Lagrangian we
considered cannot take the pathological form above if the
generalized McVittie metric is to appear as a solution, as
can be easily seen using relations (18) and (21) in (36).
Therefore, the straightforward analogy with the cuscuton
field in the McVittie spacetime [23] cannot be carried on
in this way.
Before moving to a more detailed analysis of the con-
nection between the cuscuton system and the Horndeski
one considered here, note that by manipulating Eq. (19),
as well as (22) and (23), we obtain
g0 (ϕ) = −d (lnm)
dϕ
, (37)
which, considering that we imposed a nonzero time
derivative for the field ϕ˙ 6= 0, allows us to cast m im-
plicitly in terms of ϕ:
m(ϕ) = m0e
− ∫ g0dϕ , (38)
6and, at the same time, it allows us to write the relation3
f2 = −
√
2
3
(
6g0
√
−f1 + f
′
1√−f1
)
. (39)
This last equality can be seen as another consistency con-
dition that our Lagrangians need to satisfy to allow the
generalized McVittie metric to be a solution. We can
thus restrict our attention to Lagrangians that satisfy the
above, as we did when we imposed conditions (18) and
(21). Therefore, the class of Lagrangians that satisfy the
requirements to admit generalized McVittie metrics as a
solution is given by applying Eq. (39) to the action (25),
that is,
S =
∫
d4x
√−g
{
f1 −
√
2X
3
(
6g0
√
−f1 + f
′
1√−f1
)
+2X
[
(2− lnX)g′0 − 3g20
]
+ g0 lnX ϕ+
1
2
R
}
,
(40)
Finally, we have
H =
√
−f1
3
− g0ϕ˙ , (41)
which we recognize as analogous to the algebraic rela-
tion connecting the expansion function H and the cuscu-
ton field via its potential [in fact, f1(ϕ) plays the role of
−V (ϕ) ∝ ϕ2 as we will see later].
Notice that once the constraint (41) is taken into ac-
count when solving for the action (40), for given f1 and
g0 there is only one free function remaining in the solu-
tion, which can be either m or H, since ϕ can always
be redefined. This hints to the presence of a connection
between the system given by the Horndeski Lagrangian,
that allows the generalized McVittie as solution, and the
quadratic cuscuton system studied in [23] that supports
the McVittie spacetime. We dub this connection “cus-
cuton duality” and present it in detail in the following
section.
A. Cuscuton duality
Recently, it has been shown that Horndeski fields ad-
mit dual representations as different Horndeski fields by
the use of disformal transformations [35, 36, 40]. In this
section, we would like to make use of this idea and analyze
a disformal transformation that connects the cuscuton
3 It has to be noted at this point that we are assuming H−M > 0.
Although in principle an arbitrary choice, studies on the causal
structure of generalized McVittie [32] show that this requirement
is the one needed to assure a regular causal structure of the
spacetime.
and the Horndeski system studied in the previous sec-
tions. More precisely, we show that shear-free solutions
of the cuscuton system are transformed into solutions of
a dual Horndeski system of the kind examined here for a
certain choice of free functions.
For simplicity, we work in the Arnowitt-Deser-Misner
(ADM) formalism, choosing a foliation of spacetime on
which the field is homogeneous and imposing a zero-shift
condition N i = 0 for the metric. We then start from the
cuscuton action [24, 25], which in the ADM formalism
reads4
Sc =
∫
dtd3xN
√
γ
[
f1c − f2c√
2
ϕ˙
N
+
1
2
(
R(3) +KabKab −K2
)]
,
(42)
where N ≡ √−g00 is the lapse function, γij is the 3-
metric on each spacelike hypersurface defined in (11),
and γ ≡ det γij its determinant. As previously stated,
the vanishing shift vector, N i = 0, implies that the 3-
dimensional Ricci scalar R(3) is built with the 3-metric
only (and its spatial derivatives). Kij is the extrinsic
curvature and K = Kaa , and they take the form5
Kij =
1
N
γ˙ij (43)
K =
1
N
γ˙
γ
. (44)
In order to write the action for the cuscuton in the form
(42) we have also assumed the field ϕ monotonic, in par-
ticular satisfying ϕ˙ < 0. For the moment we can leave
the function f1c(ϕ) unconstrained, as well as the constant
f2c, but in order to link to the results discussed in [23]
we will ultimately choose
f2c =
√
2µ2
f1c = − V (ϕ) = −3
4
µ4 (ϕ(t) + ϕ0)
2
.
(45)
We apply then the following disformal transformation de-
fined by
gµν = α(ϕ)g˜µν − [β(ϕ)− α(ϕ)] ∇µϕ∇νϕ
2X
, (46)
such that the lapse and 3-metric transform as
N =
√
βN˜ ,
γij =αγ˜ij .
(47)
4 Throughout this section we will perform integrations by parts
and ignore the surface terms that appear as a consequence, since
they play no role in reaching the conclusions we are trying to
reach here anyway.
5 We adopt the sign convention for the extrinsic curvature as in
[41], opposite to the one used in [42].
7The extrinsic curvature then transforms as
Kij =
1
2N
γ˙ij
=
α√
β
(
1
2
α′
α
ϕ˙
N˜
γ˜ij + K˜ij
)
,
(48)
while the 3-Ricci scalar transforms like the inverse metric,
R(3) = 1α R˜
(3) .
Under such a transformation the action (42) becomes
Sc =
∫
dtd3xN˜
√
γ˜
√
α3
β
{
β
[
f1c(ϕ)−
√
β
f2c√
2
ϕ˙(t)
N˜
]
+
1
2
(
β
α
R˜(3) + K˜abK˜ab − K˜2
)
+
[
−α
′
α
ϕ˙
N˜
K˜ − 3
4
(
α′
α
)2(
ϕ˙
N˜
)2]}
.
(49)
Knowing where we are aiming at, we set the functions α
and β defining the disformal transformation to
β(ϕ) ≡α(ϕ)3
α(ϕ) ≡ e2g0ϕ(t) , (50)
where g0 is a constant that eventually will take the place
of the free function g0(ϕ) appearing in the Horndeski ac-
tion (25). Eqs. (50) may also be seen as a time-dependent
Lifshitz rescaling of spacetime with z = 3. The action
then takes its final form
Sc =
∫
dtd3xN˜
√
γ˜
{
α3
[
f1c − f2c√
2
ϕ˙(t)√
α3N˜
]
− 2g0 ϕ˙
N˜
K˜
−3g20
(
ϕ˙
N˜
)2
+
1
2
(
α2 R˜(3) + K˜abK˜ab − K˜2
)}
.
(51)
We can now take a look at the Horndeski action (25) in
3+1 formalism, in the case in which the function g0(ϕ) =
g0 is set to a constant (which can be done, generically,
with a field re-definition). We have
SH =
∫
dtd3xN
√
γ
[
f1H − f2H√
2
ϕ˙
N
− 2g0 ϕ˙
N
K
−3g20
(
ϕ˙
N
)2
+
1
2
(
R(3) +KabKab −K2
)]
.
(52)
Beside the rescaling of the functions f1H and f2H , we
note a fundamental difference between the two actions:
the extra factor α2 multiplying the scalar 3-curvature
in (51). Since we are trying to connect the generalized
McVittie solution of the Horndeski action to a trans-
formed cuscuton solution, we also want to impose the
relationship defining f2H in terms of f1H on the trans-
formed equivalent objects, namely
f1c =α
−3f1H , (53a)
f2c =α
− 32 f2H
= − α− 32
√
2
3
(
6g0
√
−f1H + f
′
1H√−f1H
)
= −
√
2
3
f ′1c√−f1c
,
(53b)
satisfied by (45).
To summarize, so far we have found that transforming
the action for the quadratic cuscuton (42) via the disfor-
mal transformation (47) [with the additional conditions
(50) and (53)] we obtain an action (51) which takes a
form very close to the action for the Horndeski field we
originally considered (52) when a constant g0(ϕ) is con-
sidered.
For the disformal transformation we used to be a form
of duality between the two systems, we need it to map
solutions of one into solutions of the other. Due to the
presence of the extra α2 factor in front of the 3-scalar
curvature in the transformed cuscuton action we obtain
two conditions that solutions need to satisfy to belong at
the same time to the set of classical solutions extremizing
(51) and (52). These are
R(3)
∣∣
on shell = 0 ,
R
(3)
ij
∣∣
on shell =
1
N
DiDj(N) ,
(54)
where Da is the spatial covariant derivative compatible
with γij , defined on each hypersurface of the spacetime
foliation. These conditions can be obtained by comparing
the equations for the lapse function N and the 3-metric
γij obtained from the two actions.
We can conclude then that solutions of the cuscuton
system (42) [with f2c given by (53)] that satisfy (54) are
transformed by the disformal transformation (47) into
solutions of the system described by (52) where g0 is a
constant and f2H is given by (39).
The McVittie/quadratic cuscuton solution belongs to
this class and is in fact dual to the generalized McVittie
solution discussed in the previous section. Applying the
disformal transformation to it one obtains
N˜ =α−
3
2
1− m02a(t)r
1 + m02a(t)r
=α−
3
2
1− m(t)2a˜(t)r
1 + m(t)2a˜(t)r
,
(55)
as well as
γ˜ij =
1
α
a2(t)
[
1 +
m0
2a(t)r
]4
gSij
=
1
α
[
m0
m(t)
]2
a˜2(t)
[
1 +
m(t)
2a˜(t)r
]4
gSij ,
(56)
8where gSij is the 3-dimensional Euclidean metric in spheri-
cal coordinates. In the second line of the above equations
we have redefined the scale factor as a(t) = a˜ m0m(t) in or-
der to get to the usual form of the generalized McVittie
metric (15). Here, m(t) is defined as
m(t)
m0
= e−g0ϕ(t) , (57)
which is of course consistent with the equations for the
Horndeski field. To conclude the transformation, we need
a rescaling of the time coordinate
e−3g0ϕ(t)dt = dτ , (58)
that takes care of the inconvenient α factor in N˜ .
Since we started from a specific choice of potential for
the cuscuton, and therefore a specific form of its dual
f1H , the equation (38) now imposes that
1
g0
log
[
m0
m(τ)
]
=
[
m(τ)
m0
]3
2
µ2
[
H˜(τ)−M(τ)
]
. (59)
The quadratic cuscuton with a McVittie metric described
by the parameter m0 and the expansion function H(t) is
then dual to a system consisting of action (51) which
supports a generalized McVittie spacetime described by
the dual expansion history H˜(τ) and for which the mass
function solves (59).
To conclude, we can also notice that the conditions we
required for the duality to hold can be summarized by:
the choice of functions appearing in the cuscuton side,
namely given by the last line of (53) for f2c; the equiv-
alent of it on the Horndeski side (39); and the require-
ment that solutions be spatially flat and satisfy (54). Al-
though we tailored the transformation to connect the cus-
cuton/McVittie and Horndeski/generalized McVittie sys-
tems, any solution satisfying the above conditions would
have a dual via the disformal transformation. In partic-
ular, the original cosmological solution for the cuscuton
[24] also satisfies the duality requirements and transforms
into a rescaled FLRW with the scalar field still defined
by the expansion function, even though now in a slightly
more complicated way.
V. CONCLUSIONS
The generalization of the McVittie metric proposed by
Faraoni and Jacques [27] constitutes a fully dynamical
exact solution of general relativity that describes a black
hole interacting with a surrounding self-gravitating im-
perfect fluid in an expanding universe. The central mass
dependence with time is directly associated with devia-
tions from perfect fluid in the source, which in the co-
moving frame take the form of a heat flow. This fluid
analogy can be made in scalar fields, which always take
the form of perfect fluids if the action is of a k-essence
form, but can acquire dissipative (imperfect-fluid) terms
when a more general action is considered. In this work
we have considered a subclass of the Horndeski action as
a scalar field source minimally coupled to general rela-
tivity, and we have shown that the generalized McVittie
metric is in fact an exact solution of this system for a spe-
cific choice of free functions defining the action, taking
the form (25) where f2 is given by (39).
In particular, the heat-flow component of the energy-
momentum tensor added by the kinetic gravity braid-
ing term has the correct form to account for the time
variation of the central mass. By considering the sys-
tem formed by the Einstein equations and the field equa-
tion, we have shown that the dynamics of this system
reduces to two constraint equations and a first-order dif-
ferential equation relating the expansion rate with the
time-dependence of the field. The equations for the scalar
are identically satisfied once these choices are made, and
the field dynamics remains unconstrained.
Finally, we have shown that the lack of a differential
equation for the evolution of the scalar field is remi-
niscent of its k-essence counterpart: the cuscuton. In
fact, the generalized McVittie solution for the action pre-
sented here has been shown to be dual to the McVit-
tie/cuscuton via a disformal transformation. Inciden-
tally, it is worth noticing that this disformal transforma-
tion coincides with a time-dependent Lifshitz re-scaling
of spacetime, with z = 3.
The McVittie metric is just an example of a large class
of solutions which can be constructed with this technique,
and even by itself it provides a great variety of highly non-
trivial behaviors. It is remarkable that this special class
of non-dynamical fields, like the cuscuton and its dis-
formal dual, admits exact time-dependent solutions with
such physically rich structures. Looking into the future,
similar to other exact solutions in theoretical physics, we
anticipate that this generalized McVittie/Horndeski ex-
act solution could serve as a launching point for studies
of novel phenomena in the interface of strong gravity and
cosmology. A particularly timely direction could be the
phenomenological studies of interaction between dark en-
ergy/modified gravity models (many of which can be ap-
proximated by the Horndeski action), and astrophysical
black holes.
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Appendix A: Null geodesics in generalized McVittie
In the bulk of the McVittie spacetime both horizons
are anti-trapping surfaces. However, if at time infinity
the metric becomes Schwarzschild-de Sitter, the inner ap-
parent horizon at time infinity, which we denote by r∞,
becomes an event horizon, that is, a null surface which
time-like curves starting at some initial event in the bulk
can reach and traverse after a finite proper time, entering
a region that can no longer causally affect the McVittie
bulk [19, 20].
In the generalized case with time-dependent mass, one
needs to carry out an analog analysis. As in McVittie
with constant mass, the analysis of whether metric (15)
with m(t) consists of a black hole is centered on the fate
of radial ingoing null geodesics. If, after departing from
some initial radius r0 an ingoing null geodesic reaches
the surface r∞ (defined as the position of the inner hori-
zon at time infinity) after a finite affine parameter λ has
elapsed, then the spacetime is geodesically incomplete,
and therefore r∞ is an event horizon6. On the other
hand, if it takes an infinite affine parameter interval for
the geodesic to reach r∞, then this surface consists of
a null infinity, and therefore the metric is geodesically
complete, and not a black hole.
In areal radius coordinates, the generalized McVittie
metric reads [32]
ds2 = −R2dt2 +
[
drˆ
R
−
(
H −M + M
R
)
rˆdt
]2
+ rˆ2dΩ2 ,
(A1)
with the areal radius defined as rˆ ≡ ar (1 + m2ar )2 and the
functions R ≡
√
1− 2mrˆ , M ≡ m˙/m and H ≡ a˙/a. The
null radial geodesic equation for the t coordinate reads
d2t
dλ2
= −
[
M +
H −M
2
(
R+
1
R
)
− 2m
rˆ2
](
dt
dλ
)2
.
(A2)
In the original analysis, withM = 0 [20], the coefficient
of
(
dt
dλ
)2
is shown to be always larger than the function
h(rˆ) defined as
h(rˆ) ≡ 2m
rˆ2
− R
2rˆ
(
R+
1
R
)
, (A3)
so that the geodesic equation satisfies the inequality
d2t
dλ2
≥ h(rˆ)
(
dt
dλ
)2
, (A4)
which can be solved analytically and is shown to di-
verge for t → ∞, thus showing that radial ingoing null
geodesics reach the surface r−(rˆ, t → ∞) after a finite
affine parameter λ. In our case, we need to take into
account the presence of a nonzero M . Between the two
apparent horizons, the function
f(rˆ, t) ≡ R2 − rˆ2
(
H −M + M
R
)2
(A5)
is positive. For M > 0, this can be rewritten as
H −M + M
R
<
R
rˆ
, (A6)
which may be cast as
H −M
2
(
R+
1
R
)
+M <
R
2rˆ
(
R+
1
R
)
− M
2R2
(
1−R2) .
(A7)
This implies
2m
rˆ2
− H −M
2
(
R+
1
R
)
−M
>
2m
rˆ2
− R
2rˆ
(
R+
1
R
)
+
m˙
rˆ − 2m
> h .
(A8)
so Eq. (A4) still holds for M > 0. This means that
generalized McVittie metrics with accreting mass func-
tions are geodesically incomplete between the two ap-
parent horizons, and therefore that radial ingoing null
geodesics reach the surface (rˆ−, t → ∞) in finite proper
time.
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